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Summary This paper examines the torsion of beams with undeformable cross-sections. A
novel approach is proposed, in which an interpolated warping function is defined as a contin-
uously differentiable function across the entire cross-sectional area. This formulation enables
methods that require the warping value to be accessible as a continuous function at any point
within the section. The approach facilitates deformation analysis within the framework of three-
dimensional elasticity, employing continuum-based beam elements governed by general contin-
uum mechanics material laws. The primary objective of this study is to establish a general
method for determining warping functions for complex cross-sections, intended for future ap-
plications in the absolute nodal coordinate formulation. The approach does not replace earlier
methods, which have proven highly efficient and even suitable for hand calculations. Instead,
it provides a general-purpose framework that can yield improved accuracy in certain cases.
Whereas traditional treatments distinguished primarily between open and closed profiles, the
present formulation emphasizes the importance of recognizing the nature of each profile and
selecting interpolation methods accordingly.
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Introduction

Machinery and mechanical systems frequently employ beams and shafts that must with-
stand torsional forces. Ensuring their integrity is vital for maintaining both functionality
and safety, for example in the frames of mobile machines.

Accurate modeling of torsional warping is crucial in these applications, since predicting
how components respond to torsional loads enables the design of more reliable and efficient
machines, thereby reducing the risk of mechanical failure.

Incorporating an advanced modeling approach for torsional warping—particularly
through the use of an interpolated warping function defined across the entire cross-
sectional area—provides notable advantages. The most important benefit is the ability to
represent discontinuities in the analytical model as continuous, which is especially valuable
at corners.
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Numerous studies have proposed procedures to address torsional warping problems.
These approaches can often be extended to a wider range of cross-sections, provided that
the warping function is known. Examples include geometrically exact Kirchhoff beam
models that incorporate torsion warping [14]. Efficient modeling and order reduction
of new three-dimensional (3D) beam elements with warping can be achieved using the
absolute nodal coordinate formulation (ANCF) [25]. This formulation has also been
applied to thin-walled composite beam elements, enabling accurate and computationally
efficient analysis of complex structures with torsional warping effects [20].

Generalized beam theory (GBT), originally introduced by Schardt [18, 19], can provide
warping functions in cases where the centerline approximation is acceptable. The freely
available software implementation GBTUL [2] offers practical tools, though its usability
is limited by inherently restricted external interfaces.

Interpolation on rectangular domains is well established, but extending support to
arbitrary cross-sections requires the development of new methods. Franke’s study, ”Scat-
tered data interpolation: tests of some methods” [8], compares more than twenty tech-
niques. For realistic cross-sections, warping functions are generally stable, which makes
interpolation simpler than in more general cases.

Radial basis functions (RBFs), first introduced by Powell [17] to accelerate large op-
timization problems and later applied to machine learning by Broomhead and Lowe [4],
have since proven effective for approximating multivariate functions [5]. RBF's are par-
ticularly useful for interpolation, whereas other methods exhibit notable limitations, as
discussed by Buhmann [6].

Numerical integration over non-rectangular or triangular domains (cubature) is often
performed through triangulation or by applying the Gauss—Green theorem. For instance,
Sommariva and Vianello have employed RBF-based methods for cubature on rectangular
domains [22] and used the Gauss—Green theorem for integration over various domains,
including non-convex multiply connected polygonal regions [21].

The objective of this paper is to provide a solution for out-of-plane displacement, also
referred to as the warping function, for complex cross-sections. Additionally, rectangular
cross-sections are analyzed to compare different methods. In practice, this study evaluates
the effectiveness of RBF-based interpolation alongside more traditional approaches such
as polynomial and NURBS fitting. Within the context of ANCF beams, the proposed
process also identifies the shear center, enabling loads to be applied in the same coordinate
system in which the cross-section is defined.

Source code and instructions for reproducing results, as well as the generation of all
figures and tabulated data, are available on GitHub [15]. Code provided by the main
author is licensed under the permissive MIT license. The MATLAB code in 1ib, used for
cubature [7], is licensed under the GNU license, which restricts commercial use.

Torsional analysis

The fundamentals of torsional analysis for undeformable cross-sections involving warping
can be summarized as follows: (i) Timoshenko and Goodier [26] provided a detailed
description of torsion without cross-sectional distortion, building on the work of Saint-
Venant. The most relevant aspect for this study is the definition of the warping function.
(ii) Pilkey [16] presented a numerical approach for solving the warping function. (iii)
Vlasov [27] and Kollbrunner and Hajdin [10] demonstrated how part of the torsional load
is carried by axial strains when warping is restricted. (iv) Haukaas [9] offered a clear
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description of warping torsion using the I-beam as an illustrative example. (v) Bjork,
Ahola, and Skriko [3] discussed secondary warping in rectangular hollow sections.

The coordinate system is defined such that x and y lie in the cross-sectional plane,
while z is aligned with the beam axis. A torsional moment can be expressed as the sum
of torque carried by Saint-Venant torsion and torque carried by warping torsion, written
as [9]: ,

doe d°e
T = GItE Elw@ (1)
where G is the shear modulus, E is Young’s modulus, and © is the twist angle relative to
the z-axis. In Eq. (1), I; denotes the torsional moment of inertia (also known as the Saint-
Venant torsion constant), and I, is the warping constant. This equation also forms the
basis of torsion in GBT. Including distributed torque along the beam axis, the governing
differential equation becomes:

d*e d*©
m, — E[ww — Gjtw (2)
Defining the torsion constant k as
GI,
k= 3
EL (3)

the homogeneous solution can be written as
O(z) = Cy sinh(kz) 4+ Cy cosh(kz) + Csz + Cy, (4)

where (] ... Cjy are constants determined by boundary conditions.

As summarized in [26], the torsion problem can be reduced to finding a warping
function that satisfies Eq. (5) together with the boundary condition in Eq. (6). Analytical
solutions are feasible only for very simple cross-sections and require the use of series
expansions involving hyperbolic functions.

The numerical solution presented in [16] has been implemented in commercial finite
element packages such as ANSYS. The open-source package section-properties [11] pro-
vides similar functionality. Other implementations for solving the warping function also
exist, e.g. [24, 12, 13|, and these papers include detailed theoretical descriptions of the
solution process.

As described in the theory section of the [11] documentation, the warping function w
is obtained by solving the partial differential equation

Viw =0 (5)

subject to the boundary condition that shear stress at the boundary is directed tangen-
tially:
ow Ow
%nz + a—y
where n is the unit normal at the boundary, and x and y are the coordinates of the point.
As shown in [16], applying the finite element method reduces the problem to a system
of linear equations:

n, = yn, — wn, (6)

Kw=F (7)
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where K and F' are assembled by summation at the element level:
kewe — fe (8)
The elemental stiffness matrix is defined as

w:/E%Qm%@ (9)
Q

where B is the matrix of partial derivatives of the shape functions IN with respect to
Cartesian coordinates, J, is the Jacobian determinant, and 7, &, ( are the isoparametric
coordinates of triangular elements.

In section-properties [11], the vector of shape functions IV is formulated as:

N = [n(2n - 1),£(26 = 1),¢(2¢ — 1), 4ng, 46C, 4n(] (10)

The load vector is defined as

N
e T Yy
ro= [ B0 N dnacac (1)
Numerical integration of the stiffness matrix and load vector yields:
k“ =) wB[B;J (12)
J
e nT Njye
f - ijBj |:—Nj.f176 Je (13)
j

where w; are the integration weights.
Once the warping function has been evaluated, the Saint-Venant torsion constant I,
can be calculated as
Iy = Iy + Iy — wlKw (14)
where [, and I, are the second moments of area.

The warping constant [,, is obtained from the warping function and the coordinates
of the shear center relative to the centroid of the cross-section:

Q 2
A

Q. = / wd) = Z ijNjw,-Ji (16)
Q T
[w = / CLJ2 dQ) = Z Z’LUJ(NJU.%)QJZ (17)
@ j

%

Ly=1,—

- yslxw + -Ts[yw (15)

Constraining or neglecting warping has two distinct implications. Neglecting warping
in Eq. (14) makes a non-circular cross-section appear stiffer than it truly is. This simplifi-
cation was common in the early development of torsional theory and should be considered
when formulating new models. In Eq. (1), warping corresponds to the derivative of ro-
tation and is typically constrained at the beam end if it is connected to a stiff support.
Omitting the term associated with I,, increases rotations, since no energy is expended to
produce warping deformation.
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Characteristics of warping functions
If centerline theory is applied, I,, can be expressed as the sum of primary and secondary

parts, as shown in Eq. (18) [3]:

t/2
I, = /wztds + 2// TZS2 dr, ds
s s Jrp=0

where ¢ is the plate thickness, s is the distance along the centerline, and r,, is the normal

(18)

to the centerline.
Primary warping depends on the geometry of the cross-section. An approximation of
secondary warping for a flat region of length [ can be written as
1’3
I,=—
144

(19)

assuming that the ratio [/t is sufficiently large. Under the same assumption, I; can be
It

Figure 1 shows the values of I, and I; as ratios to the expected values based on
Egs. (19) and (20). Figure 1 was generated using section swxy in paper_cells.py.

expressed as

Ratio

—

It

(1.0,0.019)
5 10 15 20 25 30 35 40
It

0.0
Figure 1. Ratio of actual values obtained using section-properties to thin-wall theoretical values

Most thin-walled steel products have [/t ratios between 10 and 40, whereas products
made from softer materials typically exhibit lower [/t ratios to compensate for their re-
duced yield strength. To exploit very high yield stresses, a lower [/t ratio may be required

to prevent local buckling.
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Construction of interpolation functions

The open-source package section-properties [11] is used in this study to obtain discrete
solutions for the warping function and the cross-section properties of the selected geome-
try. The warping function is exported both as a text file for further processing and as a
.glb file (GL Transmission Format binary) for visualization.

MATLAB is employed to construct interpolation functions. In this work, three differ-
ent surface fitting models were applied using MATLAB’s fit routine: poly44, cubicinterp,
and tps. Their mathematical formulations are summarized below.

Polynomial Surface (poly44)

The poly44 model represents a polynomial of degree four in both variables x and y:

4

f(x,y) = Zzaij xiyja (21)

4
i=0 j=0

where the coefficients a;; are determined by minimizing the least-squares error:

Qg

minz (2 — f(%,yk))2- (22)

The advantage of the poly44 model is its simple closed-form representation, which
makes evaluation and differentiation straightforward. Its limitations are twofold: higher-
order polynomials may exhibit unwanted oscillations, and the fixed fourth-degree form
can lack sufficient flexibility to capture highly complex warping functions.

Cubic Interpolation Surface (cubicinterp)

The cubicinterp model constructs a piecewise cubic spline surface that interpolates all
data points exactly:

flay) =) Z ¢ij Bi(x) Bj(y), (23)

7

where B;(z) and B;(y) denote cubic basis functions. The interpolation conditions enforce
flzr,yp) =2z fork=1,... N. (24)

The strength of the cubicinterp model lies in its ability to reproduce the data points
exactly with smooth local behavior. Its limitation is that it does not extrapolate beyond
the convex hull of the data, which can restrict derivative evaluation near boundaries.

Thin-Plate Spline Surface (tps)

The tps model minimizes the bending energy of the surface while interpolating the data.
Its general form is

N

flay) = a0+ iz +azy+ Y U(Vie = o+ (= 9?) (25)

k=1
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where the radial basis function is defined as
U(r) =r*In(r). (26)

The weights wy, are obtained by solving a linear system that enforces the interpolation
conditions:

flzr,yp) =2z fork=1,... N. (27)

An important advantage of the tps model is that it is defined over the entire plane R?,
not only within the convex hull of the data points. This property ensures that the function
and its partial derivatives remain well-defined even outside the specified domain. As a
result, TPS interpolation provides smooth extrapolation beyond the data region, which
is particularly useful when evaluating derivatives near the boundary of the domain. Its
limitation is that solving the associated linear system can be computationally demanding
for large datasets.

Measuring the quality of interpolation

The quality of interpolation is assessed by calculating the warping constant in Eq. (15)
using the chosen interpolation function together with a suitable cubature algorithm. The
results are then compared either with analytical solutions or with numerical values ob-
tained from section-properties analysis.

As a secondary measure, the maximum absolute value of the interpolated function is
compared to the corresponding value provided by section-properties. For cross-sections
that are not doubly symmetric, the location of the shear centre is also required, and this
is taken directly from section-properties results.

Algorithms suitable for practical cross-sections must be capable of handling realistic
geometries, including rounded corners and internal holes. Cubature methods based on
scattered data have been described and compared in [7], and the methods employed in
this study are outlined below.

Numerical Integration with integral2

To evaluate double integrals of functions of two variables, MATLAB’s integral?2 routine
was employed. The method computes

Iz//Df(%y)dxd% (28)

where D is taken as a rectangular domain in this study, or more generally as

MRS [xminaxmax]u Y S [ymin(x); ymax(x)}- (29)

The algorithm is based on adaptive quadrature rules. For each fixed x, the inner
integral

Ymax (Z)

o) = [ Sy dy (30)
ymin(x)

is approximated using numerical quadrature with error control. Subsequently, the outer

integral

= / " o) da (31)

Zmin
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is computed adaptively, refining the partition of the domain until the estimated error falls
below a specified tolerance.

The main advantage of integral? is its ease of use and built-in error control, which
make it well suited for functions defined on rectangular domains. Its limitation is that
it is not directly applicable to complex cross-sections with curved boundaries or internal
holes, where more general cubature methods are required.

Glaubitz Method

The Glaubitz approach, referred to as LSCF in [7], constructs provably positive and exact
cubature formulas for polynomial spaces. Given a domain D C R?, the integral

I = / f(x)dx (32)
D
is approximated by
M
I wef(xx), (33)
k=1

where the nodes x; and weights w, are determined via least-squares optimization such
that the formula is exact for all polynomials up to a chosen degree. Positivity of the
weights ensures numerical stability.

The main advantage of the Glaubitz method is its theoretical guarantee of positivity
and exactness for polynomial spaces, which provides robust and stable integration results.
Its limitation is that the construction of nodes and weights can become computationally
demanding for higher dimensions or complex domains, which may restrict its applicability
in large-scale problems.

RBFCUB (Radial Basis Function Cubature)

RBFCUB [23] is a meshless cubature scheme based on radial basis function interpolation.
The integrand is approximated as

fa,y) = Z%‘ oz, y) = (25,91, (34)

where ¢(r) is a radial basis function (e.g. Gaussian or multiquadric). The coefficients \;
are obtained by solving the interpolation system. The integral over a polygonal domain
D is then computed as

=35 [ allie.n) — (@)D ddy. (35)

The main advantage of RBFCUB is its meshless nature, which makes it well suited
for complex geometries and scattered data without requiring a structured grid. It also
provides flexibility through the choice of radial basis functions. Its limitation is that
the accuracy and stability depend strongly on the selection of the basis function and its
parameters, and the method can become computationally expensive for large datasets.
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Numerical examples

Reported solution times are included to provide a rough estimate of the computational
effort required. All timings were obtained on a laptop equipped with an Intel i7-12700H
processor.

The numerical examples focus on selected cross-sections with varying geometrical com-
plexity, including simple rectangular sections, sections with rounded corners, and sections
containing internal holes. These cases illustrate the performance of the interpolation
functions and cubature methods under different practical conditions.

Analytical solution for rectangular cross-sections

Analytical results are available for rectangular cross-sections. The warping constant values
are obtained by integrating the warping function for the rectangle, Eq. (36) [1], over
the cross-section. The summation index n is indicated in parentheses. A MATLAB
implementation is provided in the file iw_rect.m.

32a% <= (—1)"sin(k,) sinh(k,y)
0 = —
(z.y) = oy 3 (2n + 1)3 cosh(k,b)
where a and b denote the half-width and half-height of the rectangle with a > b, and

(2n+ )7
kn—T, n=0,1,2,... (37)
To investigate how the different surface fitting methods can be applied to describe
the warping function, and to determine how many interpolation points are required, the
MATLAB routine iw_fits.m was developed. This routine simulates a numerical solution
by generating a selected number of edge points using the linspace function and random

interior points using haltonset.

(36)

GBTUL solution

GBTUL results are obtained by constructing an input file based on the parameters pro-
vided by section-properties and executing the GBT solver through a Python script. The
number of nodes used to describe the corners is indicated in parentheses.

Ansys solution

Ansys results are obtained using the Ansys Mechanical APDL Preprocessor via Sections
/ Beam / Common Sections. The rectangle parameters are defined by N, (number of
elements in the horizontal direction) and N, (number of elements in the vertical direction),
with the chosen values indicated in parentheses.

Interpolation based on section-properties analysis

The section-properties output lines include the requested element size, together with the
resulting number of nodes and elements, indicated in parentheses. Following each line,
multiple entries are provided for results that are based on the interpolation function.
These results are obtained by running a MATLAB fitting routine to construct an inter-
polation function for the warping function.

The cardinality parameter, i.e. the number of points used to evaluate the warping
function with RBFCUB and Glaubitz cubature, is also shown in parentheses.
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Figure 2. Square solid rectangle, 100x 100 mm, used in tests

Square solid rectangle

Cross-section details and the warping function are shown in Fig. 2, with A = 0.1 m, b = 0.1
m, and the corresponding 3D model available at warping-rectangle-100-100-357.glb.

As shown in Fig. 3, the poly44 interpolation is most effective for a square cross-
section. A few effective meshes exist for TPS and cubic interpolation, but in general
several hundred points are required to reduce the error below one percent.

The error percentage in Fig. 3 and Fig. 5 is calculated as

Tw — Tw,

100 (38)

)

Tw,

where [w is the result from numerical analysis using the corresponding parameters, and
T'w, is the analytical result obtained from Eq. (36). In these figures, results obtained with
linear interpolation are also shown for comparison. Linear interpolation was not used
elsewhere in the study, since it does not yield continuous derivatives and therefore lacks
the smoothness required for torsional stress evaluation. Details of the figure generation
are available in iw_fits.m.

Numerical results for selected scenarios are shown in Table 1. The analytical and
interpolation-based results can be reproduced by running paper_cells.m. The third column
of the table reports the error percentage epc of warping obtained using the interpolation
function, compared to the section-properties results at the point that produced the largest
absolute value of the warping function in the section-properties analysis.

These results demonstrate that several hundred integration points are required to
reduce the error to approximately one percent.

Solid rectangle

Cross-section details and the corresponding warping function are shown in Fig. 4, with
h =0.01 m and b = 0.1 m. A 3D model of the warping function is available at warping-
rectangle-10-100-375.glb.

As illustrated in Fig. 5, the poly44 interpolation is not particularly effective for non-
square cross-sections. For TPS and cubic interpolation, approximately one hundred points
are required to reduce the error below one percent.

Selected numerical results are shown in Table 2.
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Figure 3. Warping constant error for a 100x 100 mm cross-section using selected interpolations.
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Figure 4. Solid rectangle 100x10 mm used in tests
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Figure 5. Warping constant error for 100x10 mm using selected interpolations.
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Table 1. Warping constant values for solid 100x 100 mm rectangle

Source I, [10712m5] epc [%)]

Analytical(0) 168

Analytical(3) 135

Ansys(4,4) 105

Ansys(8,8) 134

section-properties(0.0001,357,162) 135
poly44-integral2 136 1.6
poly44-glaubitz(50) 154 1.6
poly44-glaubitz(100) 135 1.6
poly44-rbfcub(50) 136 1.6
poly44-rbfcub(100) 130 1.6
cubicinterp-integral2 136 0.0
cubicinterp-glaubitz(50) 155 0.0
cubicinterp-glaubitz(100) 135 0.0
cubicinterp-rbfcub(50) 137 0.0
cubicinterp-rbfcub(100) 130 0.0
tps-integral2 137 0.0
tps-glaubitz(50) 156 0.0
tps-glaubitz(100) 136 0.0
tps-rbfcub(50) 137 0.0
tps-rbfcub(100) 131 0.0

U-section 100x 50x 4

The U-section details and the warping function are shown in Fig. 6. A = 0.1 m, b = 0.05
m, t =7 = 0.004 m, and as glb-models with sharp and rounded corners.

0.0029.E
(@)}

C

0 5

©

2

0.10

0.000

0.025 0.00
'\’[m] 0.050

Figure 6. U-section 100x50x4 with rounded corners

Results are presented in Table 3. For the U-section secondary warping has no signif-
icant effect on the warping constant. However, taking the rounded corners into account
has a notable impact on the warping constant.
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Table 2. Warping constant values for solid 100x10 mm rectangle

Source L, [1072mS%] epc [%]

Analytical for thin 6.94

Analytical(0) 6.68

Analytical(3) 6.65

Ansys(1,1) 6.67

Ansys(5,5) 6.64

section-properties(0.00001,375,160) 6.64
poly44-integral2 6.62 0.4
poly44-glaubitz(50) 6.69 0.4
poly44-glaubitz(100) 6.62 0.4
poly44-rbfcub(50) 5.63 0.4
poly44-rbfcub(100) 6.4 0.4
cubicinterp-integral2 6.65 0.0
cubicinterp-glaubitz(50) 6.77 0.0
cubicinterp-glaubitz(100) 6.66 0.0
cubicinterp-rbfcub(50) 5.68 0.0
cubicinterp-rbfcub(100) 6.43 0.0
tps-integral2 6.66 0.0
tps-glaubitz(50) 6.77 0.0
tps-glaubitz(100) 6.67 0.0
tps-rbfcub(50) 5.69 0.0
tps-rbfcub(100) 6.44 0.0

The Ansys lines having multiple numerical values in parentheses in Table 3 are the
outer radius of corners, value of SIZE parameter in LESIZE command, i.e., the element
edge length, the number of nodes and the number of elements. The Ansys results can be
reproduced by using the input file u-150.inp with Ansys Mechanical APDL.

SHS 150x 150x 8

The SHS-section details and the corresponding warping function are shown in Fig. 7, with
h=10.15m, b =0.15 m, and ¢t = » = 0.008 m. 3D models are available with sharp and
rounded corners.

Selected results for the sharp-corner model are presented in Table 4, and for the
rounded-corner model in Table 5.

For the SHS-section, secondary warping has a significant effect on the warping con-
stant. Using Eq. (19), the estimate for I, is 40.7 x 10712, Rounded corners also influence
the warping constant. In this case, poly44-based fitting cannot adequately capture sec-
ondary warping (the epc values remain high). However, for the rounded-corner model,
the value of I, calculated via poly44-based fitting provides a close approximation to the
correct result.

Solution times for GBTUL are below one second for small models, and they increase
rapidly so that solution time is over minute for a model that uses 9 nodes to describe
each corner. Using two nodes to approximate a rounded corner is good option when using
GBTUL.

The Ansys values in Table 5 include the outer radius of corners, the value of the SIZE

33


https://github.com/simo-11/spe/blob/main/u-150.inp
https://github.com/simo-11/spe/raw/refs/heads/main/figs/warping-rhs-150-150-8-0-0-1600.glb
https://github.com/simo-11/spe/raw/refs/heads/main/figs/warping-rhs-150-150-8-16-24-2490.glb

Table 3. Warping constant values for U-100x50x4 section

Source L, [1072m"] epc [%]

centerline 297

GBTUL(1) 209

Ansys(0/Coarse) 299

Ansys(8,0.011,99,20) 278

section-properties(0,0.0001,195,64) 300
poly44-rbfcub(50) 299 0.5
cubicinterp-rbfcub(50) 299 0.0
tps-rbfcub(50) 297 0.0

GBTUL(2) 263

GBTUL(6) 277

section-properties(8,0.0001,8,385,144) 277
poly44-rbfcub(50) 278 0.7
cubicinterp-rbfcub(50) 278 0.0
tps-rbfcub(50) 275 0.0
tps-rbfcub(100) 278 0.0
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Figure 7. SHS 150x150x8 with rounded corners

parameter in the LESIZE command, i.e., element edge length, the number of nodes and
the number of elements. PLANE183, which is a higher order 2D, 8-node element is used
for mesh. Solution time for models having less than 1000 nodes is below 100 ms, and for
the 14428 node model, it is below 3 seconds. The Ansys results can be reproduced by
using shs-150.inp file as input for the Ansys Mechanical APDL.

Section-properties lines in Table 5 have additional number after the mesh size which
gives number of points used in the corners. Section shs-n_r in paper_cells.py provides a
template to experiment with the parameters that control mesh generation in the section-
properties. section-properties has more options to control mesh generation, but for the
SHS-sections, using sufficient points for the corners yields the best results. Laptop solution
times varies more between runs, but for small models, it remains less than second. Even
for largest models, it is under 3 seconds.

Building interpolation functions using MATLAB’s fit method for poly44 or cubicinterp
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https://github.com/simo-11/spe/blob/main/shs-150.inp

Table 4. Warping constant values for SHS 150x150x 8 section using sharp corners

Source L, [1072mf%] epc [%]

centerline 0

Eq. (19) 40.7

GBTUL(1) 40.7

Ansys(0/Coarse) 80.8

Ansys(5/Fine) 58.4

section-properties(0,0.0001,264,88) 65.4
poly44-rbfcub(50) 38.0 78.0
polyd4-rbfcub(100) 39.1 78.0
cubicinterp-rbfcub(50) 50.2 0.0
cubicinterp-rbfcub(100) 60.7 0.0
cubicinterp-rbfcub(200) 64.2 0.0
tps-rbfcub(50) 52.1 0.0
tps-rbfcub(100) 62.2 0.0
tps-rbfcub(200) 65.2 0.0

section-properties(0,0.00001,1600,672) 57.0
poly44-rbfcub(50) 28.5 72.5
cubicinterp-rbfcub(50) 39.1 0.0
cubicinterp-rbfcub(100) 51.6 0.0
cubicinterp-rbfcub(200) 54.8 0.0
tps-rbfcub(50) 38.6 2.4
tps-rbfcub(100) 51.1 2.4
tps-rbfcub(200) 53.7 2.4

takes less than 100 ms for both models. Constructing the tps fit takes about 3 seconds
for the smaller model and about 15 seconds for the larger model. Evaluation times were
measured using MATLAB’s timeit method for the same set of points that were used
to evaluate the cubatures. For poly44- and cubicinterp-based functions, the interpo-
lations were small (<1 ms for poly44 and <10 ms for cubicinterp), and the number
of integration points did not correlate to evaluation times. For tps, evaluation time was
about 40 ns per node, e.g., evaluation of tps having 1716 nodes at 400 points took about
30 ms. The tps with 792 nodes at 50 points took about 1.5 ms. The details are available
in cell rr after running paper_cells.m.

As pointed out by Bjork et al, [3], distortion should be considered when a torsional load
is applied to a hollow cross-section. Other ways to handle distortion have already been
identified for the targets of this paper (i.e., GBT and ANCF). Since distortion is not in the
scope of this paper, a few findings focusing on warping function are highlighted: (i) The
warping function for SHS with sharp corners is not symmetrical over the plate thickness
as described by Eq. (19). (ii) As noted in in Table 5, the warping constant provided by
poly44 interpolation for model with rounded corners is good when interpolation is based
on 302 elements, but gets worse when the number of elements increases to 702. In both
cases, the maximum error of interpolation function is over 50 %.
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Table 5. Warping constant values for SHS 150x150x 8 section using rounded corners

Source I, [10712m5] epc [%)
GBTUL(2) 58.1
GBTUL(9) 54.2
Ansys(16,0.019,192,40) 63.8
Ansys(16,0.011,304,64) 62.3
Ansys(16,0.007,720,184) 61.8
section-properties(16,0.0001,8,792,302) 60.6
poly44-rbfcub(50) 60.6 51.2
poly44-rbfcub(400) 63.4 51.2
cubicinterp-rbfcub(50) 42.8 0.0
cubicinterp-rbfcub(100) 59.8 0.0
tps-rbfcub(50) 41.9 0.9
tps-rbfcub(100) 60.1 0.9

section-properties(16,0.0001,14,1265,509) 61.4
section-properties(16,0.0001,24,2490,1076)  61.6
section-properties(16,0.0001,60,6154,2754)  61.7
section-properties(16,0.00001,4,1580,644) 55.3
section-properties(16,0.00001,8,1716,702) 60.6

poly44-rbfcub(50) 39.0 62.9
poly44-rbfcub(100) 40.9 62.9
cubicinterp-rbfcub(50) 42.7 0.0
cubicinterp-rbfcub(100) 59.9 0.0
tps-rbfcub(50) 41.8 2.8
tps-rbfcub(100) 59.9 2.8

section-properties(16,0.00001,21,3005,1293) 61.6

Conclusions

This study demonstrates that common interpolation methods are effective at describing
warping functions in practical cross-sections. Among the available approaches, radial basis
functions (RBF) emerge as the most promising option for warping function interpolation,
primarily due to their stability. While the polynomial model (poly44) performs well for
certain profiles, and cubic interpolation (cubicinterp) is computationally more efficient
than RBF, the continuity of derivatives at domain boundaries is weaker. For this reason,
RBF can be regarded as a robust alternative, although it is advisable to retain all three
methods in future investigations and to explore potentially more efficient models than
those considered here.

The section-properties package demonstrates ease of extension and integration into
diverse applications, supporting high-precision results for stiffness-related values derived
from interpolation functions. Achieving high precision, particularly for torsional stress
values based on differentiation, requires functions with high cardinality. The methods
outlined in this study are adaptable to multiple solution techniques, including the Abso-
lute Nodal Coordinate Formulation (ANCF), and they provide a valuable benchmark for
testing alternative interpolation functions. These findings underscore the versatility and
practical applicability of the methods presented, with the included source code enabling
further experimentation and advancement in warping analysis.
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In most cases, computation times were sufficiently short to be considered fast (typi-
cally below three seconds), approaching the responsiveness now routinely expected from
modern Al-based applications. This work establishes a solid foundation for future stud-
ies on efficient warping analysis, encouraging the development of improved interpolation
strategies and their integration into advanced structural modeling frameworks.
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